
Chapter 5

Modelling Phosphorus Dynamics
in the Soil–Plant System

Andrea Schnepf, Daniel Leitner, Sabine Klepsch, Sylvain Pellerin,
and Alain Mollier

5.1 Introduction

The importance of phosphorus (P) as both sparingly mobile essential nutrient and

pollutant is reflected by the large number of P models at different scales and with

different purposes. P dynamics have been studied at a wide range of spatial scales.

Examples include the global scale (Harrison et al. 2005), watershed scale (Radcliffe

et al. 2009), ecosystem scale (Schlecht and Hiernaux 2005), farming systems scale

(Schils et al. 2007), field scale (Schoumans and Groenendijk 2000; Torbert et al.

2008), whole plant scale (Mollier et al. 2008), soil profile scale (Roose and Fowler

2004), and single root scale (Kirk 1999; Roose et al. 2001). The positions of the

various P models in a space–time diagram (Fig. 5.1) illustrate the main temporal

and spatial scales of application. Most of the models are mechanistic and determin-

istic; the degree of empiricalness generally increases with spatial scale.

The applications for which P models have been used include carbon uptake by

the terrestrial biosphere (Wang et al. 2007), effect of tectonic uplift and erosion on

P availability in soil (Porder et al. 2007), water quality due to agricultural
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management practices (Arheimer et al. 2004; Chung et al. 2003; Dalzell et al. 2004;

Djodjic et al. 2002; Grant et al. 2004; Migliaccio et al. 2007), P uptake from soil by

root systems (Leitner et al. 2010a; Roose and Fowler 2004), root P uptake and P

efficiency (Bhadoria et al. 2002; Huguenin-Elie et al. 2009; Kirk 1999; Reginato

et al. 2000), crop response to soil P levels (Mollier et al. 2008), competing root

systems (Smethurst and Comerford 1993), manure management and fertiliser

optimisation (Dunbabin et al. 2009; Giasson et al. 2002; Teklić et al. 2002), P as

amendment in in-situ stabilisation of lead (Pb)-contaminated soils (Shi and Erick-

son 2001), P sorption in soil (Overman and Scholtz 1999; Van Der Zee and Van

Riemsdijk 1991), P uptake by root hairs and mycorrhizal fungi (Grant and Robert-

son 1997; Landis and Fraser 2008; Leitner et al. 2010b; Schnepf and Roose 2006;

Schnepf et al. 2008b), biodiversity (Fitter et al. 2005) and forest growth response

(Gillespie and Pope 1990; Kirschbaum et al. 1998). Reviews describing models for

plant solute uptake are given by Tinker and Nye (2000), Darrah et al. (2006) and

Luster et al. (2009).

Many of these models are based on generic software, and it is often not appa-

rent what the underlying equations and assumptions are. This could lead to

Fig. 5.1 Space–time diagram of commonly used P models. Closed symbols indicate that this spe-
cific model includes smaller-scale submodels. The colour illustrates whether the model is mecha-

nistic or empirical, deterministic or stochastic. References for model numbers: 1 Ptashnyk et al.

(2010), 2 Shi and Erickson (2001), 3 Schnepf and Roose (2006), 4 Grant et al. (2004), 5 Roose and
Fowler (2004), 6 Mollier et al. (2008), 7 Bhadoria et al. (2002), 8 Dunbabin et al. (2009),

9 Hofflmann et al. (1994), 10 Torbert et al. (2008), 11 Radcliffe et al. (2009), 12 Schoumans and

Groenendijk (2000), 13 Kirk (1999), 14 Roose et al. (2001), 15 Porder et al. (2007), 16 Arheimer

et al (2004), 17Migliaccio et al. (2007), 18 Huguenin-Elie et al. (2009), 19 Reginato et al. (2000),
20 Overman and Scholtz (1999), 21 Grant and Robertson (1997), 22 Landis and Fraser (2008), 23
Harrison et al. (2005), 24 Schils et al. (2007), 25 Chung et al. (2003), 26 Dalzell et al. (2004), 27
Djodjic et al. (2002), 28 Giasson et al. (2002), 29 Ge et al. (2000)
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inappropriate applications and erroneous model outputs. Moreover, the applicabil-

ity of such models is limited to the specific purpose for which each was designed,

making it problematic to extend a particular model for a slightly different aim. This

calls for documenting the underlying theory and mathematical basis of any model

in a form that can be understood by non-experts. Furthermore, nowadays a set of

mathematical equations can be solved relatively easily by flexible software

packages (e.g. Comsol Multiphysics, FlexPDE).

5.1.1 Building a Mathematical Model

A mathematical model is a simplified description of reality in terms of mathemati-

cal equations. For many scientific problems, models can help to quantify expected

results, compare the effects of alternative theories, describe the effect of complex

factors, explain how underlying processes contribute to the observed results,

extrapolate results to other situations, or predict future events (Smith and Smith

2007). In order to make the model most meaningful and least prone to errors, it

should be as simple as possible, but not any simpler. In the words of Einstein

(1934): “It can scarcely be denied that the supreme goal of all theory is to make the

irreducible basic elements as simple and as few as possible without having to

surrender the adequate representation of a single datum of experience.”

Each model is built for a specific purpose and starts from prior knowledge and

hypotheses about the system. This will influence the type of model chosen and the

corresponding mathematical equations used to describe the system. Models are

generally classified as deterministic or stochastic and as mechanistic or empirical.

Each model needs data for parameterisation; if some of the data are incompletely

known; model calibration is required to determine these values accurately from

available measurements (Janssen and Heuberger 1995).

Finally, accuracy, sensitivity and uncertainty analyses should be made for

quantitative model evaluation (Saltelli et al. 2000; Smith and Smith 2007). Model

development can be an iterative process if the model is found to be inappropriate

after evaluation. In this chapter, we focus on building mathematical models based

on the objectives and prior knowledge.

5.1.2 Aims of This Chapter

We illustrate model building for understanding P dynamics in the plant–soil system

using three case studies. The studies focus on the traits that enhance plant P uptake

from soil: mycorrhizal associations and root architecture, as well as on crop

responses to soil P levels.
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5.2 Modelling Case Studies

5.2.1 P Uptake by Mycorrhizal Roots

5.2.1.1 Aim of the Model

The soil volume that a plant root can exploit for sparingly soluble nutrients such as P

increases enormously due to mycorrhizal roots. Non-mycorrhizal parts of a root

typically have a depletion zone that is less than 5 mm wide, whereas the depletion

zone of mycorrhizal root parts can reach several centimetres into the soil. Thus,

mycorrhizal fungi can increase soil P availability to plants. It may be possible to

exploit symbioses between various crop plants and mycorrhizal fungi to reduce the

use of mineral fertilisers in agricultural management (Frossard et al. 2000). The

model presented here helps to estimate how much P fertiliser could be substituted in

this way, a topic especially important because of the anticipated insufficient future

mineral phosphate supply (Lambers et al. 2006). This examplary simulation study is

designed to quantify the effect of arbuscular mycorrhizal fungi on plant P nutrition.

In this case study, we demonstrate how to quantify soil phosphate (Pi) depletion

and Pi influx into a plant root colonised by arbuscular mycorrhizal fungi using the

model of Schnepf and Roose (2006) and Schnepf et al. (2008a, b). Three arbuscular

mycorrhizal fungi with different growth strategies are considered. The first growth

strategy describes a fungus with tip splitting proportional to the hyphal tip density

(linear branching); the second assumes that branching ceases at a given maximal

hyphal tip density (nonlinear branching); and the third describes a fungus that

develops a highly interconnected mycelium (anastomosis).

We consider a single root with different fungal mycelia that correspond to the

three growth strategies. As described in Schnepf and Roose (2006) and Schnepf

et al. (2008b), Pi transport in soil is described by the diffusion equation. Further-

more, we assume that Pi is taken up by root and hyphae according to Michaelis–

Menten kinetics. Previous simulations were performed in one-dimensional Cartesian

coordinates in order to be consistent with validation experiments performed in

compartment systems (e.g. as used by Li et al. 1991). The present study focuses on

a single mycorrhizal root and therefore uses cylindrical coordinates.

5.2.1.2 Model Description

The chosen modelling approach is based on coupling a fungal growth and Pi uptake

model with a classical single root model. The classical single root model (Barber

1995; Tinker and Nye 2000) is extended by a sink term for Pi uptake from soil due to

arbuscular mycorrhizal hyphae [see (5.1)]. The model is given by the following

equations:

ðyþ bÞ @c
@t

¼ 1

r

@

@r
Dyfr

@c

@r

� �
� 2rhprðr; tÞ Fmc

Km þ c
; (5.1)
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c ¼ c0 at t ¼ 0 ; (5.2)

Dyf
@c

@r
¼ Fmc

Km þ c
; at r ¼ r0 ; (5.3)

Dyf
@c

@r
¼ 0; at r ¼ r1; (5.4)

where c is concentration of phosphate in soil solution, t time, r radial distance from
root axis, y volumetric water content, b buffer power, f impedance factor, D
diffusion coefficient in water, c0 initial Pi concentration in soil solution, rh hyphal
radius, r0 root radius, r1 mean half distance between roots, Fm maximal Pi influx

into root, Km Michaelis–Menten constant and r hyphal length density.

The hyphal length density, r, is determined using a continuous and spatially

explicit hyphal population growth model (Schnepf et al. 2008a). It calculates

hyphal tip and length densities based on elongation of the region just behind the

hyphal tip, branching due to tip splitting, anastomosis, and tip and hyphal death.

Calibration of this model to experimental data (Jakobsen et al. 1992) indicated that

all three presented growth strategies occurred. The parameters found in that cali-

bration study (Schnepf et al. 2008a) are used in the following simulations. Model

equations for the hyphal tip density n and the hyphal length density r are given by:

@n

@t
¼ � 1

r

@

@r
rnvð Þ þ F; (5.5)

@r
@t

¼ nv� dr ; (5.6)

F ¼ bnn 1� n

nmax

� �
|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

branching

� a1n
2 � a2nr|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

anastomosis

� dnn|{z}
tipdeath

; (5.7)

n ¼ 0; r ¼ 0 at t ¼ 0; (5.8)

n ¼ fbðtÞ at r ¼ r0 ; (5.9)

where n is hyphal tip density, r hyphal length density, v tip elongation rate, d hyphal
death rate, bn branching rate, nmax maximal tip density, a1 and a2 tip-tip and tip-side
anastomosis rates, dn tip death rate, fb tip density at the root interface and F is the

rate of creation or destruction of hyphal tips.

Equations (5.5)–(5.9) were solved with a Lax–Wendroff-scheme (Morton and

Mayers 1994). Equations (5.1)–(5.4) were solved with the finite element method

using Comsol multiphysics.
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5.2.1.3 Results

Figure 5.2 shows a two-dimensional visualisation of the colony shapes resulting

from the different fungal growth strategies. Simulations are based on a discrete

L-system model, which approximates the continuous model given by (5.5)–(5.9).

The hyphal length densities and Pi depletion at different distances from the root

after 21 days are shown in Fig. 5.3. The different fungal growth strategies clearly

yield different patterns of extraradical hyphal length densities and thus different Pi
depletion radii of the mycorrhizal roots. The radius of the zone where more than

half of the initial Pi concentration has been depleted is 1.5 cm for the linear

branching strategy, 3 cm for nonlinear branching and 6 cm for anastomosis.

Figure 5.4 shows the resulting influx of Pi into root and hyphae. In all cases,

influx into fungus exceeds that into root by an order of magnitude. Influx into root

decreases quickly with time, whereas influx into fungus increases as the colony

grows. For the two nonlinear growth strategies, this can decrease with time because

the fungal colony covers a large area that is already depleted and, thus, additional Pi
is taken up only at the front of the colony. This is shown more explicitly in Fig. 5.4,

where Pi influx into hyphae per unit hyphal length, i.e. colony efficiency, is plotted

against time.

5.2.1.4 Discussion and Outlook

The results show that, as soon as the fungal colony is sufficiently large, mycorrhizal

Pi influx is up to an order of magnitude larger than root Pi influx. This is particularly

pronounced in the linear branching case, where the fungal hyphae compete for Pi
inside the root depletion zone. The anastomosis case, in contrast, makes more use of

the soil volume near the front of the fungal colony, outside the root Pi depletion

zone, so that the root contribution is higher. However, fungal Pi uptake dominates

overall Pi uptake in all cases, supporting the idea that roots can completely rely on

the fungus for their Pi nutrition (Smith et al. 2003). The hyphal length density in the

Fig. 5.2 Visualisation of (a) linear branching, (b) nonlinear branching and (c) anastomosis growth

strategies of arbuscular mycorrhizal fungi after 14 days
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linear branching case is high near the root surface but low further away. Accord-

ingly, it is initially less efficient than the two other growth strategies. The nonlinear

branching and anastomosis strategies result in a higher Pi influx into hyphae, but

they are less efficient when relating this influx to the colony size produced.

Fig. 5.3 Hyphal length densities (left) and Pi solution concentration around the root (right)
corresponding to the linear branching, nonlinear branching and anastomosis growth strategies of

arbuscular mycorrhizal fungi, assuming that root and fungi have the same Pi uptake parameters

Fig. 5.4 Pi influx per unit root surface area due to root (left) and hyphae (centre) corresponding to
the linear branching, nonlinear branching and anastomosis growth strategies of arbuscular mycor-

rhizal fungi. Pi influx per unit hyphal length (right)
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The predicted hyphal length densities and Pi concentrations in Schnepf et al.

(2008b) were based on simulations in one-dimensional Cartesian coordinates. This

geometry is appropriate for a validation experiment using a compartment system in

which a membrane separates a root from a purely hyphal compartment (e.g. as used

by Li et al. 1991). In the present case study, we used cylindrical geometry appropriate

for an individual root. This changes the shape of predicted hyphal length density and

Pi depletion because, in cylindrical geometry, the same number of hyphae grow into a

soil volume (which increases with distance from the root surface). Compared to

Cartesian geometry, the linear branching strategy has a lower hyphal length density

further away from the root surface. For the nonlinear branching strategy, themaximal

tip density is reached faster near the root surface than further away and, similarly,

anastomosis occurs more likely near the root surface than further away. This reduces

hyphal length density near the root surface compared to Cartesian geometry.

Schnepf et al. (2008b) simulated differences with regard to Pi uptake sites along

the individual hyphae. Compared with published values of P influx into mycorrhizal

plants and soil P depletion, their results suggest that Pi uptake occurs not only at the

tip but also at parts of the mycelium that are metabolically active. Nonetheless, a

spatially explicit model for the spread of mycorrhizal mycelium and active parts is

still missing. Assuming Michaelis–Menten kinetics for uptake might also oversim-

plify the actual uptake process. The molecular and biochemical characterisation of

the corresponding Pi transport systems is currently being extensively studied

(Bucher 2007; Raghothama and Karthikeyan 2005). Thus, more experimental

data for parameterisation and validation are required.

5.2.2 P Uptake by a Root System

5.2.2.1 Aim of the Model

This case study is designed to estimate the impact of all individual roots to the

overall root system dynamics. We use the model of Leitner et al. (2010a) to study

(1) the effect of root system architecture and branching structure on overall root

system Pi uptake and soil Pi depletion, and (2) root system development as affected

by Pi concentrations in soil. The latter includes feedback between soil Pi concen-

tration and root system development, including chemotropism.

5.2.2.2 Model Description

The focus here is on Pi uptake, neglecting water movement. We consider a maize

root system growing in a conical pot (height 10 cm, top diameter 10 cm, bottom

diameter 6 cm). The simulation starts with five germinating seeds at the top of the

pot. The Pi concentration of the left half of the pot differs from that on the right half,

and our aim is to quantify the effect of this difference on root system development

and Pi uptake.
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We simulate the development of root system architecture with the three-dimen-

sional L-system model of Leitner et al. (2010a). The Matlab code is freely available

online (Schnepf and Klepsch 2010). This model is similar to other root architecture

models such as RootMap (Claassen et al. 2006; Diggle 1988) or RootTyp (Pages et al.

2004) in that root growth parameters are predetermined for each topological order. All

parameter values are given by mean value and standard deviation [see Leitner et al.

(2010a) for a full table ofmodel parameters]. Themodel also provides a simpleway to

include different kinds of tropisms such as gravitropism, chemotropism and thigmot-

ropism. The latter can be used to define a geometry, e.g. a pot, within which root

growth is confined. All tropisms are implemented by a random optimisation algo-

rithm, which is independent of the spatial discretisation along the root axis. The

outcome of the root growth model is a root system composed of individual root

segments. The information stored for each segment includes length, radius, position

and age.

We describe Pi diffusion in soil and nutrient uptake by the root system with

(5.10)–(5.12) (Barber 1995; Tinker and Nye 2000):

ðyþ bÞ @c
@t

¼ r � Dyfrcð Þ � F ; (5.10)

c ¼ c0 at t ¼ 0 ; (5.11)

Dyfrcð Þ � n ¼ 0 at x 2 @O; (5.12)

where c is phosphate concentration in soil solution, t time, x space vector, y
volumetric water content, b buffer power, f impedance factor, D diffusion coeffi-

cient in water, c0 initial Pi concentration in soil solution, F volumetric sink term for

root Pi uptake, ∂O domain boundary, and n outer normal vector. The domain O is a

conical pot with a height of 10 cm, a top diameter of 10 cm and a bottom diameter

of 6 cm (see Fig. 5.5). Boundary condition (5.12) ensures that Pi cannot diffuse out

of the domain.

The diffusion equation, (5.10), is coupled with the root system growth model via

the sink term F, which represents the average root uptake in a representative

elementary volume (REV). We determine F by summing over the Pi uptake of

every root segment within each REV,

F ¼ 1

REV

XN
s¼1

2asplsFs; (5.13)

where as is radius of root segment, Fs influx into a root segment, ls root segment

length, N number of root segments within REV. Water and solute transport models

with sink terms for root uptake generally neglect depletion zones around individual

roots (Claassen et al. 2006). In order to calculate the flux into a root segment, we

account for the dynamic development of a Pi depletion zone according to the

approximate analytical solution of Roose et al. (2001) given by (5.14):
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Fsðts; asÞ ¼ 2Fmc1

1þ c1 þ LðtsÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4c1 þ 1� c1 þ LðtsÞ½ �2

q ;

c1 ¼ c0=Km;

Lðts; asÞ ¼ Fmas
2yDfKm

ln 4e�g yDf
ðyþ bÞas2 ts þ 1

� �
;

(5.14)

where g ¼ 0.5772 is Euler’s constant, ts age of root segment, Fm maximal Pi influx

into root and Km Michaelis–Menten constant. Equations (5.13) and (5.14) yield a

Fig. 5.5 Root system development and soil Pi depletion after 20 days. Initial Pi concentration in

pot 1 � 10�4 mmol cm�3 (right half) and 0.5 � 10�4 mmol cm�3 (left half). (a) Root system
growth according to chemotropism. (b) Soil depletion due to root system shown in (a). (c) Root
system growth according to gravitropism only. (d) Soil depletion due to root system shown in (c)
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volumetric sink term F that depends on (1) the age of each root segment, (2) the

number of root segments in the REV and (3) the size of the REV.

The cubic REVs act as spatial discretisation used for the numerical solution of

(5.10)–(5.12). For every REV a sink term is created according to (5.13). The REV

must be large enough to regard the roots in a single REV as root densities, but small

enough to represent root density variations of the root system. Here, we choose an

REV size of 0.53 cm3. For the numerical solution, we use the Crank–Nicholson

finite difference scheme. The nonlinear sink term is solved by using fixed-point

iteration. The time step Dt is chosen such that the Courant–Friedrichs–Lewy (CFL)
condition for the diffusive case, Dt � Dx2/2D, is fulfilled. Note that the CFL

condition is a necessary condition for the convergence of numerical solutions of

partial differential equations (Morton and Mayers 1994).

In this case study, we examine the effect of inhomogeneous initial Pi distribution

on root system development, soil Pi depletion and Pi uptake. Root growth para-

meters for a maize root system are taken from Leitner et al. (2010a), and the soil

parameters and Pi uptake parameters for maize from Roose et al. (2001). We

consider a pot in which the initial concentration in the left half is half that in the

right. This is illustrated by the blue and red colour in Fig. 5.5. At the top of the pot,

five seeds are initially present and grow according to the model of Leitner et al.

(2010a). All simulations assume that gravitropism, i.e. the tendency of the root to

grow downwards, occurs. We also study the effect when the root system does or

does not additionally follow chemotropism, i.e. the tendency of the roots to grow

towards higher Pi concentrations.

5.2.2.3 Results

Figure 5.5a, b shows the root system and soil Pi depletion after 20 days, when roots

tend to grow towards higher Pi concentrations (chemotropism). Figure 5.5c, d

shows the same when the root system only follows gravitropism but not chemotro-

pism. In this example, overall root length is the same in both cases and only the

positions of the roots differ. In the case of chemotropism, the root system is denser

in the right part of the pot, where the initial Pi concentration was higher. Therefore,

depletion is less in the left part of the pot. In the case of no chemotropism, root

length densities are similar in both halves, equally depleting both parts of the pot.

Chemotropism enhanced Pi depletion in the region with higher Pi concentration

and thus increased overall Pi uptake by that root system as compared to the root

system without chemotropism (see Fig. 5.6).

5.2.2.4 Discussion and Outlook

This case study uses a model that considers two spatial scales: the root system scale

and the single root scale. Uptake and depletion caused by individual roots is

described on the single root scale, whereas overall Pi transport and uptake is

described on root system scale. The sink term is created by averaging over a REV.
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We consider dynamic development of the depletion zone around each root, but

neglect inter-root competition. This is valid for sparingly soluble nutrients such as Pi.

This example quantifies the effect of chemotropism on Pi uptake. The overall

root length of the root systems was the same in the two cases considered (chemot-

ropism and no chemotropism). However, root surface area was 4.6 times denser in

the high concentration region in the case of chemotropism, whereas it was approxi-

mately equal in both pot halves in the case of gravitropism only. Thus, chemotro-

pism yielded a 1.5-fold increase of Pi uptake.

In addition to the plastic responses of the root system to nutrient-rich patches,

growth and uptake rates can be affected (Claassen et al. 2006). Further challenges

for future model development include coupling the model to a model of soil water

movement, upscaling of additional single root traits (e.g. root exudation and mycor-

rhizas) to the root system scale, and the explicit modelling of organic P dynamics.

5.2.3 P Uptake and Crop Response to Soil P Levels

5.2.3.1 Aim of the Model

Most nutrient models combine the equation describing the radial movement of ions

from soil to root surface by diffusion and mass flow with an equation relating root

uptake to the ion concentration at the root surface. In the former, the interactions of

the ion with the soil solid phase are also considered. An integration procedure

Fig. 5.6 Cumulative Pi uptake by root systems, with and without chemotropism
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allows the calculation of nutrient uptake by the whole root system (Barber 1995;

Tinker and Nye 2000). Such models were successfully evaluated on short periods

and were useful tools for investigation of the mechanisms at the rhizosphere scale.

Nevertheless, these classical models often failed to predict nutrient uptake over

long periods because the feedback effects between nutrient uptake and plant func-

tions were poorly accounted for.

The aim of this case study is to illustrate how to include crop growth response in

nutrient uptake models and the ability of such models to provide a basis for

assessing target values for soil nutrient concentration. In order to do so, we

developed a mechanistic model that combined an ecophysiological model and a

root nutrient uptake model (Mollier et al. 2008). A mechanistic model for the

simultaneous simulation of Pi supply, its uptake by the root system and the crop

growth response is presented. The dynamic link between these processes was

explicitly taken into account. This model was used to simulate Pi uptake and

maize crop response in field conditions under three levels of soil Pi availability

(high P, intermediate P and low P). All parameters and input variables are given in

Mollier et al. (2008). Secondly, we simulated Pi uptake and crop growth for a wide

range of soil Pi concentration to determine target values for soil Pi availability.

5.2.3.2 Model Description

The proposed model consists of three modules that are closely connected (Fig. 5.7).

The first module deals with crop growth based on crop phenology and biomass

accumulation depending on climatic conditions, and on crop P demand derived

from potential crop growth depending on the environmental conditions. The second

module describes Pi supply from the soil, considering the ion Pi concentration in

soil solution and the soil buffer capacity. The third module deals with crop Pi uptake

depending on crop P demand and Pi uptake capacity determined by the soil Pi
supply and root length density distribution in the soil profile. The three modules are

integrated to simulate the feedback loop of effective Pi uptake on crop growth. The

actual shoot and root growth are adjusted according Pi uptake. Thus, the model

tightly couples crop growth with soil processes.

Module 1: Modelling Crop Growth and Crop P Demand

The crop growth module simulates crop phenology and dry matter accumulation as

a function of daily temperature and the photosynthetically active radiation absorbed

by the canopy (PARa) and its conversion into dry biomass (Monteith 1977). The

daily biomass produced is partitioned between shoot and root, assuming that shoot

demand for carbohydrates is satisfied first. The remaining carbohydrates are allo-

cated to the root system. The daily crop P demand is derived from the potential leaf

expansion rate allowed by temperature and the carbohydrate availability using a
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close relationship between leaf area index (LAI) and total crop Pi uptake obtained

under non-limiting conditions.

Module 2: Modelling Soil P Supply to Crops

Phosphate soil availability refers to the concentration of Pi in soil solution (c
mg mL�1) plus the amount of Pi (Q mg cm�3) associated to the solid phase,

which is in equilibrium with soil solution Pi. The relationship between c and Q is

described by a Freundlich equation (McGechan and Lewis 2002):

Q ¼ kfc
n: (5.15)

The soil buffer capacity is the ratio of changes in solid Pi to those in solution:

b ¼ @Q

@c
; (5.16)

Fig. 5.7 Schematic representation of Pi uptake model including crop P response (adapted from

Mollier et al. 2008)
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where kf and n are Freundlich coefficients determined from a sorption/desorption

experiment and b is the soil buffer capacity.

Module 3: Modelling P Uptake by the Root System According to Crop P Demand

and Soil P Supply

The two-dimensional soil domain is subdivided into square control volumes

(5 � 5 cm). Each of these is characterised by soil properties and root length density.

The equations for Pi transport by mass flow and diffusion within the solution of the

soil cylinder around the root and Pi uptake are used for each control volume:

ðyþ bÞ @c
@t

¼ 1

r

@

@r
Dyfr

@c

@r

� �
� V

@c

@r
; (5.17)

c ¼ c0 at t ¼ 0 : (5.18)

The boundary condition at the root surface follows from crop P demand

(Ssr mg cm�2 day�1):

� Dyf
@c

@r
þ Vc ¼ � Ssr

2pr0DzLrv
at r ¼ r0; (5.19)

� Dyf
@c

@r
þ Vc ¼ 0 at r ¼ r1; (5.20)

where c is phosphate concentration in soil solution, t time, r radial distance from

root axis, y volumetric water content, b buffer power, f impedance factor, D
diffusion coefficient in water, V flux of water toward root, c0 initial Pi concentration
in soil solution, r0 root radius, r1 ¼ 1=

ffiffiffiffiffiffiffiffiffi
pLrv

p
mean half distance between roots

calculated for each control volume, Lrv root length density and Dz thickness of

control volume.

Required uptake cannot occur when the diffusion and mass flow processes in soil

cannot replenish enough Pi to the root. We assume that the maximum uptake rate

equals the maximum possible rate of transport (by diffusion and mass flow) to the

root, i.e. the root behaves as a zero sink. The maximum nutrient uptake rate per unit

surface area Ssm (mg cm�2 day�1) is derived from the steady-rate approximate

solution for the concentration profile around the root for the zero sink condition

(De Willigen and Van Noordwijk 1994):

Ssm ¼ 2pDzLrvD
r2 � 1ð Þ
2G r; nð ÞP ; (5.21)

where P is the average Pi in soil surrounding the root, r the dimensionless radius

and G(r,n) is a geometry function (see Mollier et al. 2008).
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Actual Pi uptake may or may not satisfy crop P demand. We assume that the

actual Pi uptake rate Ss equals the required Pi uptake rate Ssr as long as Ssr is less
than the maximum Pi uptake rate Ssm, otherwise Ssr equals the maximum Pi uptake

rate Ssm. The total Pi uptake by the entire root system is the sum of Pi uptake from

all control volumes.

Integration and Feedback Loop

Shoot and root growth are calculated from carbohydrate assimilation and the actual

Pi uptake. If crop P demand is satisfied, effective crop growth is only limited by

carbohydrate assimilation and climatic conditions. If actual Pi uptake is less than

required, leaf area expansion is reduced, so that more carbohydrates are allocated to

the root system. The new root distribution in the soil is derived from the biomass

allocated to the root and is distributed in the soil based on the diffusion-type root

growth model proposed by (De Willigen et al. 2002). The nutrient transport

equation is explicitly solved with a time step that is restricted according to the

ratio of the Courant and Peclet numbers (Daus et al. 1985).

5.2.3.3 Results

Figure 5.8a shows predicted cumulated Pi uptake as function of soil Pi levels. In this

example, Pi uptake was reduced as soil Pi level decreased. This reduction was more

pronounced for low-P treatment. The simulated crop growth response to Pi uptake is

shown in Fig. 5.8b, c. For high-P treatment, leaf area expansion and root growth

were only governed by climatic conditions and biomass partitioning within the

plant. For intermediate-P treatment, leaf area expansion was slightly reduced,

whereas root growth was almost not affected. For low-P treatment, both shoot

and root growths were reduced in response to low Pi uptake. Moreover, limitation

Fig. 5.8 Simulation of (a) cumulative Pi uptake by crop (g Pi m
�2), (b) leaf area index (m2 m�2)

and (c) root biomass (g m�2) versus time elapsed since emergence, for three Pi soil levels (low,

intermediate and high P)
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in soil Pi supply reduced first leaf area, and assimilates no longer needed for leaf

expansion rate were allocated to the root. Consequently, under low-P treatment the

root growth was less affected than shoot growth and root-to-shoot ratio was

increased.

In Fig. 5.9, the relative Pi uptake, shoot dry biomass and root biomass predicted

by the proposed model were plotted versus the concentration of Pi in the soil

solution. As Pi decreased under a threshold value, both Pi uptake and shoot growth

were reduced, whereas relative root growth was maintained or increased. Such crop

response allowed the root system to increase the soil volume explored and conse-

quently the access to soil Pi. However, for very low Pi supply, such crop response

could not fully counter the Pi shortage. The threshold value for Pi is dependent on

crops, soil Pi supply properties (mainly b, y and f) and climatic conditions.

5.2.3.4 Discussion and Outlook

The presented model is a mechanistic model that explicitly includes a feedback

loop between nutrient uptake and crop growth. The simulated crop responses

are consistent with those commonly reported when Pi is limiting. Increases in

Fig. 5.9 Relative values of Pi uptake, shoot and root biomass (simulated value until 60 days after

emergence divided by simulated value under high Pi conditions) as a function of Pi soil solution

concentration (in mg P L�1) for a sandy soil
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root-to-shoot ratio were observed under Pi shortage (Lynch 2007). Moreover, the

causes of these increases are consistent with experimental results of Wissuwa et al.

(2005) and Mollier and Pellerin (1999). Limitation in soil Pi supply reduces first

leaf area, and assimilates no longer needed for leaf expansion rate are partitioned to

the roots. Once these excess assimilates are used up, the smaller leaf area no longer

supplies enough carbohydrates and, consequently, root growth decreases due to

carbohydrate limitation.

This case study illustrates the possible use of a nutrient uptake model including

crop growth response to explore a wide range of situations. Such a model explicitly

accounts for the numerous soil and crop factors that interact with nutrient supply

and uptake. Although progress is still needed (including uptake by mycorrhizal

roots, root tropism, rhizosphere processes etc.) such a model can provide a basis for

both improving scientific knowledge on soil–crop transfer of minerals and assessing

target values for soil nutrient availability in a specific context.

5.3 Summary

Mathematical modelling is important in enhancing our understanding of the com-

plex processes in plant phosphate nutrition, particularly where processes are diffi-

cult to assess experimentally. This chapter illustrates the model-building process

for plant phosphate uptake models, focusing on different plant traits that enhance

phosphate uptake.

All models presented in this chapter are mechanistically based as well as

deterministic, and are based on partial differential equations. Mechanistic mathe-

matical models help to enhance our understanding of phenomena occurring across

different spatial and temporal scales (Roose and Schnepf 2008). Close collaboration

between experimentalists and modellers is necessary for model validation and

parameterisation and will further enhance scientific progress. In this respect, mod-

elling could assist in crop management and breeding of crops with traits that are

beneficial, for example in low nutrient environments.
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